Abstract. We study conformal Fefferman-Lorentz manifolds of (2n + 2)-dimension. In order to do so, we introduce Lorentz parabolic structure on (m + 2)-dimensional manifolds as a G-structure. By using causal conformal vector fields preserving that structure, we shall establish two theorems on compact Fefferman-Lorentz manifolds: One is the coincidence of vanishing curvature between Weyl conformal curvature tensor of Fefferman metrics on a Lorentz manifold S 1 × N and Chern-Moser curvature tensor on a strictly pseudoconvex CR-manifold N . Another is the analogue of the conformal rigidity theorem of Obata and Ferrand to the compact Fefferman-Lorentz manifolds admitting noncompact closed causal conformal transformations.
Introduction
A pseudo-Riemannian metric g of signature (m + 1, 1) is called a Lorentz metric on an m + 2-dimensional smooth manifold. An m + 2-dimensional Lorentz manifold M is a smooth manifold equipped with a Lorentz metric. Two Lorentz metrics g, g ′ are conformal if there exists a positive function u on M such that g ′ = u · g. The equivalence class [g] of g is a conformal class and (M, [g] ) is called a conformal Lorentz manifold. On the other hand, given a (2n+1)-dimensional strictly pseudoconvex CR-manifold N, C. Fefferman constructed a Lorentz metric on the product S 1 × N which has the following properties (cf. [21] ): • The conformal class of this metric is a CR-invariant.
• S 1 acts as lightlike isometries. It is interesting to know how the Fefferman-Lorentz metric of S 1 ×N interacts on the CR-structure of N. Compare [21] and general references therein for the relation between Fefferman metrics and the Cartan connection.
In this paper, we shall take a different approach to the FeffermanLorentz metrics on (2n + 2)-dimensional manifolds by introducing a G C -structure called Fefferman-Lorentz parabolic structure. (Compare Section 3.1.)
Recall that conformal Lorentz structure on an m + 2-dimensional manifold M is an O(m+1, 1)×R + -structure [18] . An integrable O(m+ 1, 1) × R + -structure is conformally flat Lorentz structure on M. (See also [18, p.10] .) We focus on parabolic subgroup of O(m + 1, 1) which is defined as follows. Let PO(m + 1, 1) be the real hyperbolic group, then the minimal parabolic subgroup is isomorphic to either O(m+1) or the similarity subgroup Sim(R m ), which lifts to the parabolic subgroup of O(m + 1, 1) as O(m + 1) × Z 2 or Sim(R m ) × Z 2 respectively. For m = 2n, we define a subgroup G C of Sim(R 2n ) × R + ≤ O(2n + 1, 1) × R + . If U(n + 1, 1) denotes the unitary Lorentz group which embeds into O(2n + 2, 2), then G C is characterized as the intersection U(n + 1, 1) ∩ (Sim(R 2n ) × R + ) where Sim(R 2n ) is identified with the stabilizer PO(2n + 1, 1) ∞ at the point at infinity.
Then we see that a Fefferman-Lorentz manifold admits a FeffermanLorentz parabolic structure by reinterpreting the proof of [21, (5.17) Theorem].
One of our results concerns the relation between a CR-manifold N and a Fefferman-Lorentz manifold S 1 × N. We provide a geometric proof to the coincidence of vanishing between Weyl conformal curvature tensor and Chern-Moser curvature tensor. This result may be obtained as a special case of more general calculations by Fefferman [9] .
Theorem A (Theorem 7.4.2). A Fefferman-Lorentz manifold S
1 × N is conformally flat if and only if N is a spherical CR-manifold.
By our definition, we obtain the following classes of conformally flat Lorentz parabolic manifolds. We shall give compact examples in each class. (See Section 5.3.)
• Lorentz flat space forms.
• Fefferman-Lorentz parabolic manifolds (locally modelled on (Û(n + 1, 1), S 2n+1,1 )).
• Fefferman-Lorentz manifolds S 1 × N where N is a spherical CR-manifold. In the second part, we study the Vague Conjecture [7] that the existence of a global geometric flow determines a compact geometric manifold uniquely, i.e. isomorphic to the standard model with flat G-structure. The celebrated theorem of Obata and Ferrand provides a supporting example for this, i.e. if a closed group R acts conformally on a compact Riemannian manifold, then it is conformal to the standard sphere S n .
We study the analogue of the theorem of Obata and Ferrand to compact Lorentz manifolds. In general, it is not true only by the existence of a noncompact conformal closed subgroup R. It is a problem which conformal group gives rise to an affirmative answer to the compact Lorentz case, i.e. a compact Lorentz manifold is conformal to the Lorentz model S n−1,1 . C. Frances and K. Melnick gave a sufficient condition on the nilpotent dimension of a nilpotent Lie group acting conformally on a compact Lorentz manifold. (Compare [11] more generally for pseudo-Riemannian manifolds.)
We prove affirmatively the theorem of Obata and Ferrand to the compact Fefferman-Lorentz manifolds under the existence of two dimensional causal abelian Lie groups. Let M = S 1 × N be a compact Fefferman-Lorentz manifold on which S 1 acts as Lorentz lightlike isometries. Denote by C Conf(M,g) (S 1 ) the centralizer of S 1 in Conf(M, g).
Theorem B (Theorem 8.1.1). Suppose that C Conf(M,g) (S 1 ) contains a closed noncompact subgroup of dimension 1 at least. Then M is conformally equivalent to the two-fold cover S 1 × S 2n+1 of the standard Lorentz manifold S 2n+1,1 .
Dimension 2 for the dimension of C Conf(M,g) (S 1 ) is rather small relative to the nilpotent dimension in [11] . However the fact that S 1 of M is the group of lightlike isometries with respect to our Fefferman-Lorentz metric is more geometric. In fact, let N − be a Lorentz hyperbolic 3-manifold PSL(2, R)/Γ. Then M = S 1 × N − admits a conformally flat Lorentz metric on which S 1 acts as spacelike isometries. (See Remark 8.1.1). The metric is not a Fefferman-Lorentz metric but there exists a two dimensional noncompact abelian Lie group S 1 × R acting isometrically on M. On the other hand, if we note that N − admits a spherical CR-structure, then M does admit a Fefferman-Lorentz metric whose conformal Lorentz group is compact (Lorentz isometry group). In addition, the above group S 1 ×R is not a conformal group of the underlying Fefferman-Lorentz metric. [1] , [3] , [10] , [13] , [26] , [31] for instance.) There is an equivariant principal bundle:
Contents
Fix nonnegative integers p, q such that n = p + q. The nondegenerate Hermitian form on K n+2 is defined by
Denote by O(p + 1, q + 1; K) the subgroup of GL(n + 2, K):
The group O(p + 1, q + 1; K) leaves invariant the K-cone in K n+2 − {0}:
Let PO(p+1, q+1; K) denote the image of O(p+1, q+1; K) in PGL(n+ 2, K). According to K = R, C or H, we have the nondegenerate flat geometry of signature (p, q).
(PO(p + 1, q + 1), S p,q ) Conformally flat geometry (PU(p + 1, q + 1), S 2p+1,2q ) Spherical CR geometry (PSp(p + 1, q + 1), S 4p+3,4q )
Flat pseudo-conformal qCR geometry (Compare [13] .) In particular, when p = n, q = 0, i.e. positive definite case, we have the usual horospherical geometry, i.e. the geometry on the boundary of the real, complex or quaternionic hyperbolic spaces. When p = n − 1, q = 1, (PO(n, 2), S n−1,1 ) is said to be the n-dimensional conformally flat Lorentz geometry.
2.2.
Causality. Let ξ be a vector field on a Lorentz manifold (M, g). We recall causality of vector fields (cf. [26] ).
Each vector ξ x is called a causal vector. Suppose that ξ is a vector field defined on a domain Ω of M. If ξ x = 0 and ξ x is a causal vector at each point x ∈ Ω, then ξ is said to be a causal vector field on Ω.
3. Conformally Lorentz parabolic geometry 3.1. Conformally Lorentz parabolic structure. Let {e 1 , . . . , e m } be the standard orthonormal basis of R m+2 with respect to the Lorentz inner product B; B(e i , e j ) = δ ij (1 ≤ i, j ≤ m+1), B(e m+2 , e m+2 ) = −1. (See (2.1.1) for K = R.) Set
Putting B = , on R m+2 , F = {ℓ 1 , e 2 , . . . , e m+1 , ℓ m+2 } is a new basis such that ℓ 1 , ℓ 1 = ℓ m+2 , ℓ m+2 = 0, ℓ 1 , ℓ m+2 = 1. The symmetric matrix I 1 m+1 with respect to this basis F is described as
Note that
}. The similarity subgroup is described in O(m + 1, 1) as follows:
We introduce the following subgroup in GL(m + 2, R):
For the Lorentz inner product:
x, y = x I 1 m+1 t y,
i.e. a G R -structure defines a conformal class of Lorentz metrics on an (m + 2)-manifold. Let G C ≤ GL(2n + 2, R) be a subgroup defined by
If P is an element of G C as above, then
It is easy to see that Q is an element of Sim(
Definition 3.1.1.
• A G R -structure on an (m + 2)-manifold is called conformally Lorentz parabolic structure. An (m + 2)-manifold is said to be a conformally Lorentz parabolic manifold if it admits a G Rstructure.
• A G C -structure on a (2n + 2)-manifold is Fefferman-Lorentz parabolic structure. In other words, the Fefferman-Lorentz parabolic structure is a reduction of G R to G C . A FeffermanLorentz parabolic manifold is a (2n + 2)-dimensional manifold equipped with a Fefferman-Lorentz parabolic structure. 
. It follows from the result by Fried that M is covered finitely by an m + 2-torus T m+2 or a Hopf manifold
The Lorentz similarity geometry contains Lorentz flat geometry (E(m+1, 1), R m+2 ) where E(m+1, 1) = R m+2 ⋊O(m+1, 1). If M is an m+2-dimensional compact Lorentz flat manifold, then it is known that M is geodesically complete and the fundamental group of a compact complete Lorentz flat manifold is virtually solvable. Applying the above proposition, we have Corollary 3.2.1. Any m + 2-dimensional compact Lorentz flat manifold is finitely covered by an m + 2-torus or an infrasolvmanifold.
Proof. The holonomy homomorphism ρ :
3.3. Fefferman-Lorentz manifold. In [8] Fefferman has shown that when N is a (2n + 1)-dimensional strictly pseudoconvex CR-manifold, S 1 × N admits a Lorentz metric g on which S 1 acts as lightlike isometries. We recall the construction of the metric from [21] . Let (Ker ω, J) be a CR-structure on N with characteristic (Reeb) vector field ξ for some contact form ω. The circle S 1 generates the vector field S on S 1 × N (extending trivially on N). Note that
. . ,Ȳ n } be the canonical decomposition for J for which we choose such as dω(
This gives a (real) frame {S, ξ, X 1 , . . . , X 2n } at a neighborhood of S 1 × N. Let θ i be the dual frame to X i (i = 1, . . . , 2n). From (3.3.2), note that [21] there exists a unique real 1-form σ on S 1 × N satisfying that
The explicit form of σ is obtained from [21, (5 
Here P : S 1 ×N → N is the canonical projection and ω β α is a connection form of ω such that
The function ρ is the Webster scalar curvature on N. (Since we chose
Define a symmetric 2-form
Extending θ i (S) = 0 and ω(S) = 0, we have a Fefferman -Lorentz metric on
Here X h stands for the horizontal part of X, i.e. X h ∈ Ker ω. By (3.3.7) we have that (3.3.9) g(ξ, S) = 1 n + 2 .
Since g(S, S) = 0, g becomes a Lorentz metric on S 1 ×N. In particular S 1 acts as lightlike isometries of g. The following result has been achieved by Lee [21] . We shall give an elementary proof of invariance from the viewpoint of G-structure. Proof. Suppose that (Ker ω ′ , J) represents the same CR-structure on N. Then it follows that ω ′ = u · ω for some positive function u on
} be another frame on the neighborhood of
There exist x i ∈ R (i = 1, . . . , 2n) for which the characteristic vector field ξ ′ is described as
} are uniquely determined each other by the equations (3.3.10), (3.3.11), (3.3.12) .
It suffices to prove that another Lorentz metric g ′ is conformal to g:
The equations (3.3.10), (3.3.11), (3.3.12) determine the relation between the dual frames {ω,
Moreover, by the uniqueness property of σ from (3.3.5), σ ′ is transformed into the following form (cf. [21, (5.16 ) Proposition]):
Using (3.1.5), the above equations show that
As B ∈ U(n) and x ∈ C n because the basis
. Hence the CR-structure defines a Fefferman-Lorentz parabolic structure on M (cf. Definition 3.1.1). Moreover, a calculation shows 
be as in (2.1.2) for K = R. In this case, when the Hermitian bilinear form is defined by
Let U(n + 1, 1) be the unitary Lorentz group with the center S 1 . Obviously the two-fold cover of S 2n+1,1 is contained in V 0 , i.e. S 1 ×S 2n+1 ⊂ V 0 but not invariant under U(n + 1, 1). Consider the commutative diagram.
where Z 2 is a cyclic group of order two in S 1 . The natural embedding U(n + 1, 1)→O(2n + 2, 2) induces an embedding of Lie groups: U(n + 1, 1)→PO(2n + 2, 2).
be the standard contact form on S 2n+1 with the characteristic vector
is the connection form on the principal bundle :
be the Iwasawa decomposition in which there is the equivariant projection:
If t θ = e iθ ∈ ZU(n + 1, 1) which is the center S 1 of U(n + 1, 1), then by the form (3.3.6) it follows that
Suppose that γ = P (γ) ∈ N × R + where N is the Heisenberg Lie group such that N ∪ {∞} = S 2n+1 . Recall from Section 2 of [14] that if (t, (z 1 , · · · , z n )) is the coordinate of N = R × C n , then the contact form ω N on N is described as:
(Here z, w = n i=1z i w i and Im x is the imaginary part of x.) An
In particular, when γ = (a, z) ∈ N , then γ
As (ω 0 , J) and (ω N , J) define the same spherical CR-structure on N , there exists a smooth function u on N such that ω N = u · ω 0 . Let
be the Lorentz metric on S 1 ×N where P : S 1 ×N →N is the projection. Then it follows from Theorem 3.3.1 that
As above, it is easy to check that if
it is easy to see that
Since this is true on a neighborhood at any point in
+ , the above observation shows that every element of U(n + 1, 1) acts as conformal transformation on
with respect to the Lorentz metric g 0 .
Note from (4.1.9) that g N = u · g 0 . The Weyl conformal curvature tensor satisfies that W (g 0 ) = W (g N ) on S 1 × N . In order to prove that the Fefferman-Lorentz metric g 0 is a conformally flat metric, we calculate the Weyl conformal curvature tensor of
The metric g N reduces to the following:
It is easy to check that the following are equivalent:
there is a pseudo-Riemannian submersion:
The Riemannian curvature tensorR on the flat space C n is zero,
where ξ is the characteristic vector field for ω N . (Here X V stands for the fiber component of the vector X.) Since dt(ξ) = (n + 2)σ N (ξ) = 0 from (4.1.10), g N (ξ, ξ) = 0, i.e. ξ is lightlike. We apply the O'Neill's formula (cf. [5, (3.30) ] for example) to the pseudo-Riemannian submersion of (4.1.11):
This shows that Lemma 4.1.1.
As Ker ω is C-invariant, we note the following.
. We may choose X, Y, Z to be orthonormal vector fields in Ker ω. Then
Similarly from (4.1.13),
This implies that
It follows similarly that
This shows that
It is easy to see that ∇ S S = ∇ ξ ξ = 0, i.e. the orbits of S 1 and R are geodesics. From these, we obtain that
We set formally
Lemma 4.1.3.
Proof. For the vector field S, we see that
As we assumed that g(X, Z) = 0 and g(X, X) = g(Z, Z) = 1, calculate
Using (4.1.20), we obtain that
As [S, X] = 0, note that
Since ∇ S ξ = ∇ S S = 0 from (4.1.17), we have that
Lemma 4.1.4. The remaining curvature tensor R ABCD on S 1 × N becomes as follows.
Proof. Using Lemma 4.1.3,
It follows that
As X, Y are orthonormal and σ([X, Y ]) = 0 by (4.1.14), it follows that
In particular it follows that (4.1.22)
Let∇ be a covariant derivative for the Kähler metricĝ C on C n as before. Recall from [5, (3.23) 
If we note that the complex structureĴ is parallel with respect toĝ C , i.e.∇Ĵ =Ĵ∇, then 
As [X, S] = 0, Lemma 4.1.3 shows that
By (1) of Lemma 4.1.4, it follows that
Hence a(X, JY ) = g(X, Y ) so that we obtain
It follows that
Then the following hold.
(1) The scalar curvature function S = 0.
(2) The Ricci tensor has the following form.
Proof. Note that g(ξ, ξ) = g(S, S) = 0. Then
where X, Y, Z, W ∈ Ker ω and B, C, D ∈ T (S 1 × N ). The first term is zero; R XY ZW = 0 by Lemma 4.1.1. The second term R ξBCD = 0 by Lemma 4.1.2. According to whether g SC = 0 or g Sξ = n + 2, the third term becomes R SBCD g SC g BD = R SBξD g Sξ g BD = 0 because R SBξD = 0 by Lemma 4.1.2 again. Hence the scalar curvature S = 0.
The Ricci tensor satisfies that
Then R XSZY = −R SXZY = 0 by (2) of Lemma 4.1.4. R ξSBY = 0, R ASξY = R ξY AS = 0 by Lemma 4.1.2. When g ξS = n + 2, R ξSSY = 0 as above. According to whether g AS = 0 or g ξS = n + 2, the third term
As we chose g(X, X) = 1, (1) of Lemma 4.1.4 implies that
This shows (iv).
Let W ABCD be the Weyl conformal curvature tensor of g N on S 1 ×N of dimension 2n + 2. Recall that
Proof. We shall prove that all the Weyl conformal curvature tensors vanish. By (1) of Proposition 4.1.2, this reduces to
It follows from (i) of Proposition 4.1.2 and Lemma 4.1.1,
It follows from (i), (ii), (iii) of Proposition 4.1.2 and Lemma 4.1.2,
Similarly by (ii), (iii) of Proposition 4.1.2,
Since R SS = 0 but g ξξ = 0, it follows that (4.1.29) W ξSξS = 0.
From (4.1.27), (4.1.28), (4.1.29), (4.1.30), the Weyl tensors containing ξ are zero. It follows similarly So all the terms containing S are zero. We thus conclude that the Weyl conformal curvature tensors of (S 1 × N , g N ) vanish.
Proof. If we note that g N = u · g 0 as before, the Weyl conformal curvature tensor satisfies that W (g 0 ) = W (g N ) = 0 on S 1 × N . Since U(n + 1, 1) acts conformally and transitively on
Examples of Fefferman-Lorentz manifolds I.
We shall give examples of conformally flat Fefferman-Lorentz manifolds which admit causal Killing fields. Consider principal S 1 -bundles as a connection bundle over a Kähler manifold W .
There exists a 1-form ω such that dω = π * Ω for which Ω = iδ αβ ω α ∧ ωβ is the Kähler form on W . As Ker ω is isomorphic to T W at each point of W . Let J be a complex structure on Ker ω obtained from that of W by the pullback of π * . Then (Ker ω, J) is a strictly pseudoconvex CRstructure on N. Let ξ be a characteristic vector field induced by S 1 . Let P : S 1 × N → N be the projection as before. We have a Lorentz metric on S 1 × N:
Let dω α = ω β ∧ ϕ α β be the structure equation on W for the Kähler form Ω. As dω = iδ αβ π * ω α ∧ π * ωβ, the structure equation for ω becomes
Let s be the scalar curvature of W . Then the Webster scalar function is defined as ρ = π * s. By the definition,
As ξ is characteristic, ω(ξ) = 1, and P * ξ = ξ, π * (ξ) = 0 on W . From (4.2.2), we obtain that
s.
Let c be a positive constant. When W is the complex projective space CP n , a complex torus T n C or a complex hyperbolic manifold H n C /Γ of constant holomorphic sectional curvature c, 0, −c respectively, the
respectively. We obtain that
Note that there are principal S 1 -bundles as a connection bundle:
(4.2.5)
Here N is the Heisenberg Lie group with isometry group Isom(N ) = N ⋊ U(n). There is a discrete subgroup ∆ ≤ N ⋊ U(n) whose quotient has a principal fibration:
Moreover, the complement S 2n+1 − S 2n−1 is identified with V 2n,1 −1 . Then the group U(n, 1) acts transitively on V 2n,1 −1 whose stabilizer at a point is isomorphic to U(n). Moreover, there exists a discrete cocompact subgroup Γ of U(n, 1) such that the image π(Γ) is a torsionfree discrete cocompact subgroup of U(n, 1) = Isom(H 
Proof. Suppose that M is a conformally flat Lorentz (2n + 2)-manifold. By the definition, there exists a collection of charts {U α , ϕ α } α∈Λ . Let
. By the existence of G C -structure, we have the principal frame bundle:
This bundle restricted to each neighborhood U α gives the trivial principal bundle on each neighborhood of S 2n+1,1 :
There is the commutative diagram:
(5.1.1)
Since the subgroupÛ(n + 1, 1) acts transitively on S 2n+1,1 , we choose an element h ∈Û(n + 1, 1) for which g = h · g αβ ∈ PO(2n + 2, 2) satisfies that gx = x for some point x ∈ S 2n+1,1 . Then the differential map g * : T x S 2n+1,1 →T x S 2n+1,1 satisfies that g * ∈ G C . Suppose that H is a subgroup of PO(2n+ 2, 2) containingÛ(n+ 1, 1) which preserves the G C -structure. As above, note that g ∈ H x . If τ : H x →Aut(T x S 2n+1,1 ) is the tangential representation, then it follows that
Since τ is injective for any connected compact subgroup of H x , this implies that a maximal compact subgroup K ′ of H x is isomorphic to U(n). Let K be a maximal compact subgroup of H containing K ′ . By the Iwasawa-Levi decomposition,
K must be isomorphic to U(n + 1) · U(1).
On the other hand, U(n + 1) (2)) is the maximal compact unitary subgroup ofÛ(n + 1, 1). AsÛ(n + 1, 1) ≤ H, we obtain thatÛ(n + 1, 1) = H. In particular, g = h · g αβ ∈ H x ≤ U(n + 1, 1). It follows that g αβ ∈Û(n + 1, 1). Therefore the maximal collection of charts {U α , ϕ α } α∈Λ gives a uniformization with respect to (Û(n + 1, 1), S 2n+1,1 ).
Remark 5.1.1. If∞ is the infinity point of S 2n+1,1 (which maps to the point at infinity {∞} of S 2n+1 ) (cf. (6.1) of Section 6.1.1), then it is noted that the stabilizer (up to conjugacy) is
Note that the intersectionÛ(n + 1, 1) ∩ PO(2n + 2, 2)∞ iŝ
In fact, O(2n+1, 1) contains the similarity subgroup
The conformally flat Lorentz geometry (PO(2n + 2, 2), S 2n+1,1 ) restricts a subgeometry (Û(n + 1, 1), S 2n+1,1 ). It is noted that the full subgroup of PO(2n + 2, 2) preserving the G-structure on S 2n+1,1 iŝ U(n + 1, 1). 
We define a continuous homomorphism: Proof. Taking R as timelike parallel translations, we extend the representation ρ naturally to a simply transitive 4-dimensional representation:ρ :
Here note that E(3, 1)R 4 ⋊ O(3, 1) ⊂ O(4, 2) ∞ . If we choose a discrete uniform subgroup ∆ ⊂ N 3 , then a compact aspherical manifold S 1 × N 3 /∆ admits a (complete) flat Lorentz structure such that
We check that S 1 × N 3 /∆ cannot admit a Fefferman-Lorentz parabolic structure. For this, if so, by Proposition 5.1.1, the group R × N 3 is conjugate to a subgroup of U(2, 1) up to an element of O(4, 2). Since R × N 3 is nilpotent, it belongs to U(2, 1) 
We start with a discrete subgroup Γ ⊂Û(n+1, 1) such that S 1 ∩Γ = Z p for some integer p. If we let π =Q The group π defines a cocycle
Here π(a) is viewed as the product a p Z × P (Γ) with group law:
(Refer to [24] and references therein for a construction of group actions by group extensions.) As R is the center of U(n + 1, 1) ∼ , it follows that
AsP (Γ) is discrete, so is π(a) in U(n+ 1, 1) ∼ . Let L(P (Γ)) be the limit set ofP (Γ) in S 2n+1 . Then it is known thatP (Γ) acts properly discontinuously on the domain Ω = S 2n+1 − L(P (Γ)) (cf. [17] , [12] ). If Ω = ∅, then the quotient Ω/P (Γ) is a spherical CR-orbifold.
is compact, it is easy to see that π(a) acts properly discontinuously oñ
M(a) is a smooth compact conformally flat Fefferman-Lorentz parabolic manifold which supports a fibration:
On the other hand, asQ Z (π(a)) =Q Z ( a p Z) · Γ from (5.3.1), the closure inÛ(n + 1, 1) becomes
Whenever a is irrational, M(a) cannot descend to a locally smooth orbifold modelled on (Û(n + 1, 1), S 2n+1,1 ). So M(a) is not equivalent to the product manifold. Hence we have Proposition 5.3.1. Let a be an irrational number. There exists a compact (2n + 2)-dimensional conformally flat Fefferman-Lorentz parabolic manifold M(a) which is a nontrivial S 1 -bundle over a spherical CR-manifold. Moreover, M(a) is not equivalent to the product manifold.
For example, such π(a) is obtained as follows. PU(n + 1, 1) has the subgroup U(n, 1) = P(U(n, 1) × U(1)) which acts transitively on 
we start with Γ ⊂ U(n, 1) × {1} ⊂ U(n, 1) × U(1). Then we get a Fefferman Lorentz manifolds
. Put π = π(1) for a = 1. In this case,Q Z (π) = Γ. The previous construction shows that Let M be a Riemannian manifold of dimension m + 1. Then S 1 × M admits a natural Lorentz metric g for which S 1 acts as timelike isometries. Even if M is conformally flat, S 1 × M need not be a conformally flat Lorentz manifold. For example,
is not a group of timelike isometries.
Conformally flat Fefferman-Lorentz parabolic geometry
Recall that Conf FLP (M) is the group of conformal transformations preserving the Fefferman-Lorentz parabolic structure (cf. (3.1.2)). We shall consider the representations of one-parameter subgroups H ≤ Conf FLP (M).
6.1. One-parameter subgroups inÛ(n + 1, 1). The following commutative diagrams are obtained.
By (4.1.2), there is the projection:
As usual the following points {∞, 0} are defined on the conformal Riemannian sphere:
(6.1.4)
We put∞
such that P (∞) = ∞, P (0) = 0. Suppose that H is a one-parameter subgroup {φ t } t∈R of Conf FLP (M) andH = {φ t } t∈R is its lift to Conf FLP (M ). Letρ :H→U(n + 1, 1)
∼ be a homomorphism. For simplicity writeρ(φ t ) =ρ(t) (t ∈ R) and put ρ = Q Z •ρ :H→U(n + 1, 1), ρ = Q 2 • ρ =Q Z •ρ :H→Û(n + 1, 1). (6.1.5)
As P : U(n + 1, 1) → PU(n + 1, 1) is the projection, it follows from (6.1.1), (6.1.5) that P • Q Z =P •Q Z =P for which P (ρ(t)) = P ρ(t). We determine the connected closed subgroup G by using the results of [14] . First recall that {e 1 , . . . , e n+2 } is the standard complex basis of C n+2 equipped with the Lorentz Hermitian inner product , (cf. (4.1.1) ); e i , e j = δ ij (2 ≤ i, j ≤ n + 2), e n+2 , e n+2 = −1. Setting f 1 = e 1 + e n+2 / √ 2, f n+2 = e 1 − e n+2 / √ 2 as before, the frame {f 1 , e 2 , . . . , e n+1 , f n+2 } is the new basis such that
6.1.1. Case I: G is noncompact. It follows from [14, §3] that P (ρ(H)) itself is closed. We may put (6.1.8)
Moreover, G belongs to N ⋊ (U(n) × R + ) = PU (n + 1, 1) ∞ up to conjugate. (See Remark 5.1.1.) Moreover, the explicit form of {P ρ(t)} can be described with respect to the basis {f 1 , e 2 , · · · , e n+1 , f n+2 }. (Compare [15] .) It has the following form
Let C t be the matrix accordingly as whether [C t ] is (6.1.9), (6.1.10) or (6.1.11). Noting that the center of U(n + 1, 1) is S 1 = {e it }, the holonomy map ρ :H→U(n + 1, 1) has the following form:
For (6.1.9), (6.1.10), G has the unique fixed point {∞} in S 2n+1 . As P C (f 1 ) = ∞ (cf. (6.1.4) ), ρ(t)f 1 = λ · f 1 for some λ ∈ C * . If ρ(t) = C t for (6.1.12), then ρ(t)f 1 = f 1 so thatρ(t)∞ =∞ by (6.1.2). Hence (6.1.13)ρ(H) has the fixed point set {S 1 ·∞} in S 2n+1,1 .
For (6.1.11), G has two fixed points {0, ∞} in
, it follows thatρ(t)∞ =∞ andρ(t)0 =0 in S 2n+1,1 . Similarly as above, (6.1.14)ρ(H) has the fixed point set {S 1 ·0, S 1 ·∞} in S 2n+1,1 .
6.1.2.
Case II: G is compact. Using (6.1.6),
for some nonzero numbers a 1 , . . . , a k . Put E t = (e ita 1 , . . . , e ita k , 1, . . . , 1). We may assume that the g.c.m of all a i is 1 (up to scale factor of parameter t). Then ρ(t) has one of the following forms:
Proposition 6.1.1. Let (M, g) be a conformally flat Fefferman-Lorentz parabolic manifold which admits a one-parameter subgroup H ≤ Conf FLP (M) acting without fixed points on M. Suppose that
is the developing pair. If G = {1}, then either one of Case A, Case B, Case C or Case D holds:
Case A. The action of ρ(H) is of type (i) of (6.1.12).
(1) When C t has the form of either (6.1.9) or (6.1.10),
where the centralizer C(ρ(H)) ofρ(H) inÛ(n + 1, 1) is contained in S 1 × (N ⋊ U(n)). (2) When C t has the form (6.1.11),
Case B. The action of ρ(H) is of type (ii) of (6.1.12). Thenρ(H) has no fixed point set on S 2n+1,1 . In this case, C(ρ(H)) is either contained in
. Case C. The action ofρ(H) is of type (i) of (6.1.15).
on which the subgroup S 1 × (U(n − k + 1, 1) ×U(k)) acts transitively with compact stabilizer. The centralizer ofρ(H) in
The action ofρ(H) is of type (ii) of (6.1.15). Thenρ(H) has no fixed point set on S 2n+1,1 and its centralizer inÛ(n + 1, 1) is
Proof. By the hypothesis, H has no fixed point so doesH onM . Since dev is an immersion, the image dev(M) misses the fixed point set of ρ(H) inS 2n+1,1 . Recall that there is the covering space from (6.1.1):
Noting thatρ(H) is connected, the imageQ(dev(M)) also misses the fixed point set ofQ Z (ρ(H)) =ρ(H) ofÛ(n + 1, 1) (cf. (6.1.5)). Then (1), (2) of Case A follow from (6.1.13) and (6.1.14) respectively and Case B follows easily because the center S 1 ofÛ(n + 1, 1) acts freely on S 2n+1,1 . For the case (i) of (6.1.15), the fixed point set of P (ρ(H)) is
in which the subgroup of PU(n + 1, 1) preserving S 2n+1 − S 2(n−k)+1 is P(U(n − k + 1, 1) × U(k)). SinceQ(dev(M )) misses the fixed point set ofρ(H), Case C follows that
For the case (ii) of (6.1.15), it follows that a 1 +1) , . . . , e it(a k +1) , e it , . . . , e it ) ∈ S 1 · T n+1 .
Similarly as Case B, 
Proof. Suppose that G = {1}. Since G =P •ρ(H) from (6.1.6), (6.1.7), it follows thatρ(H) = R ≤ U(n + 1, 1) ∼ which is lightlike with respect to g 0 where
is the standard Lorentz metric onS 2n+1,1 = R × S 2n+1 induced from (4.2.1). In particular,ρ :H → R is an isomorphism. As R acts properly onS 2n+1,1 = R × S 2n+1 ,H acts properly onM . On the other hand, there exists a function u such that
Let H be the vector field induced byH onM . As S is the vector field induced by R, we have that dev * (H) = S. Since u · g(H, H) = g 0 (S, S) = 0, noting the hypothesis thatH ≤ Iso FLP (M ),H acts as lightlike isometries. This shows (i).
We put (6.1.24)
Then ω is a well-defined 1-form onM /H by the fact that g(H, H) = 0. Note from (4.2.2), (3.3.6) that (6.1.25)
Forρ(H) = R, it follows thatρ(h)
follows h * u = u and so u factors through a mapû :M /H → R + such that (6.1.26)
Moreover σ 0 (S) = 1 n + 2 from (3.3.4) and (6.1.25), so (6.1.21) implies
Using (6.1.26), the equation dev * g 0 = u · g yields that
Asd ev :M /H → S 2n+1 is an immersion,d ev * : ker ω → ker ω 0 is an isomorphism. DefineĴ on ker ω to be (6.1.28)d ev * (ĴX) = J 0d ev * (X).
If we note that J 0 is a complex structure on ker ω 0 ,Ĵ turns out to be a complex structure on ker ω. Hence (ker ω,Ĵ) gives a CR-structure oñ M/H for whichd ev is a CR-immersion.
Let C(H) be the centralizer ofH in Conf FLP (M ). For s ∈ C(H) witĥ s ∈ C(H)/H, there is a positive function v onM such that s * g = v · g. Noting thatH ≤ Iso FLP (M ), we can check thath * v = v (∀h ∈H), i.e. there exists a functionv onM /H such that P * v = v. Then it is easy to see thatŝ * ω =v · ω onM /H. Using (6.1.28), it follows thatŝ * •Ĵ =Ĵ •ŝ * on ker ω. Hence the group C(H)/H preserves the CR-structure (ker ω,Ĵ) onM/H. This shows (ii).
Asρ(H) = R is the center of U(n+1, 1)
∼ induces a homomorphismρ : C(H)/H → PU(n + 1, 1). Using the above commutative diagram, it follows that dev(αx) =ρ(α)d ev(x) (∀α ∈ C(H)/H,x ∈M/H).
Hence (iii) is proved. 
Recall from (6.1.1) that
so we put the vector fieldξ on S 2n+1,1 by
Note that P * (ξ) = P C * (ξ z ) is a vector field on S 2n+1 by using P C = P • P R (cf. (6.1.3) ). From (4.2.1), let
be the standard Lorentz metric on
. Using the classification of one-parameter subgroups ρ(H) = {ρ(t)} ≤ U(n + 1, 1) of Section 6.1, we examine the causality of the vector field ξ induced by H.
Nilpotent group case.
(Compare Section 6.1.1,(6.1.12).)
As g N = u · g 0 on S 1 × N , using g N instead of g 0 , it suffices to check the causality of ξ. Note that σ N = 1 n + 2 dt.
For the vector field ξ restricted to S 1 × N ⊂ S 1 × S 2n+1 , let P * (ξ) be the vector field on N which is induced by the one-parameter subgroup P (H) ≤ PU(n+1, 1) as above. It is not necessarily a characteristic vector field except for the case (i) of (6.1.12), but note that ω N (P * (ξ)) = 0 on N . (Compare [14] .) In fact, for the cases (6.1.9), (6.1.10), (6.1.11) respectively,
δ where δ = 0, 1 according to the case (i) or (ii) of (6.1.12) respectively. We obtain that
Moreover, it follows from (4.1.7) that
Calculating dω N (JP * (ξ), P * (ξ)) for the above P * (ξ) respectively, we see that g N (ξ, ξ) = 0 if and only if δ = 0 and P * (ξ) is the characteristic vector field for ω N in (1). As a consequence, we obtain that Causality (1). Suppose that G is noncompact. Let ξ be a lightlike conformal vector field on S 2, (6.1.15) ). It is possible to calculate g 0 by making use of σ 0 , however it is difficult to see ω α α . So we consider a different approach. Let R * →V 0 P R −→ S 2n+1,1 be the projection for whichĝ 0 is the standard Lorentz metric on S 2n+1,1 with
Recall from (4.1.1) that
Note that p,p = q,q = 0. From (4.1.2), we have the decomposition:
where TpV 0 = {v ∈ C n+2 | Re p, v = 0} and W 0 = p,q ⊥ . The decomposition is independent of the choice ofq with respect to p,q = 0. Note that Re , is the metric on V 0 of dimension 2n + 3.
Proof. For an arbitrary point x ∈ S 2n+1,1 , we can choosē
Then ξ x is induced by the S 1 -orbit atp:
Similarly, S x is induced by the S 1 -orbit atp:
It follows thatṡ(0) = (a 1 i, . . . , a n+1 i, 1 √ n + 2 zi) for which P R * (ṡ(0)) = S x . Then we check that
Re ṡ(0),ṡ(0) = p,p = 0. Thus (7.3.1) or (3.3.9) respectively shows that
Since it is easy to see that ker ω 0 = P R * (W 0 ) from (4.1.3), we have that
Hence we obtain that
Lemma 7.3.1. If the one-parameter group has the form (cf. Case C)
Proof. Choose an arbitrary point v = (z 1 , . . . , z k , z k+1 , . . . , z n+1 , w 1 ) ∈ V 0 such that
= (e ita 1 z 1 , . . . , e ita k z k , z k+1 , . . . , z n+1 , w 1 ). (7.3.5) It follows that ξ v = (ia 1 z 1 , . . . , ia k z k , 0, . . . , 0) for which
In this case such a point v satisfies that ρ(t) = (e ita 1 , . . . , e ita k , 1, . . . , 1)e it ∈ T n+1 · S 1 , then either one of the following holds.
(1) When all a i > 0 or all a i < −2 (i = 1, . . . , k),ξ is spacelike on
Proof. For a point v of (7.3.4), it follows similarly as above:
. . , iz n+1 , iw 1 ), and so
Then the following possibilities occur:
By the assumption that the g.c.m of all a i is 1 (cf. Section 6.1.2), note that ℓ < k.
, then ξ v , ξ v can be taken to be zero, positive or negative.
As a consequence, Causality (2). If ρ(t) = e −it ·C t or ρ(t) = e it ·C t for (i), (ii) of (6.1.12), ξ cannot be lightlike. (i) M is a Seifert fiber space over a spherical CR orbifold M/S 1 .
(ii) The developing pair (ρ, dev) reduces to
where
Proof. Suppose that G = {1} for H = S 
As R =S 1 acts properly and freely onM , put W =M /S 1 . Moreover, noting that R/Z = S 1 and π acts properly discontinuously, the group π · R acts properly onM . As a consequence, Q acts properly discontinuously on W with the equivariant fibration:
On the other hand, there is the commutative diagram of the holonomy:
Then the developing pair (7.4.1) induces an equivariant developing map on the quotient space:
where S 2n+1 =S 2n+1,1 /R. Since (PU(n + 1, 1), S 2n+1 ) is the spherical CR-geometry, W inherits a spherical CR-structure on which Q acts as CR-transformations. Taking the quotient of (7.4.4), S 1 →M→M/S 1 is a Seifert fiber space over the CR-orbifold M/S 1 = Q\W .
Using Theorem 7.4.1 we can prove the following equivalence. We have to check that the spherical CR-structure (ω,Ĵ) induced bŷ dev coincides with the original one (ω N , J N ) on N. The contact form ω is obtained as P * ω = g(S, −) from (6.1.24) of Proposition 6.1.2 and the complex structureĴ is defined byd ev * Ĵ = J 0d ev * on Ker ω from (6.1.28).
Let S be the vector field induced by S 1 on S 1 × N. Since σ(S) = 1 n + 2 from (3.3.7), it follows that g(S, −) = 1 n + 2 P * ω N (−) and so
If we note that S 1 acts as lightlike isometries of (S 1 × N, g), then it satisfies also Proposition 6.1.2 (cf. Remark 6.1.1). Then from (6.1.27), (n + 2)û · ω =dev * ω 0 , which implies thatdev * (Ker ω) = Ker ω 0 .
Let dev
On the other hand, usingd ev * Ĵ = J 0d ev * with (6.1.23),
Noting that (n + 2)û · dω =dev * dω 0 on Ker ω, it follows by (7.4.7) that
Compared (7.4.8) and (7.4.9), we conclude that
We have to show that the case (ii) of Theorem 7.4.1 does not occur. If (ii) occurs, then we have a developing pair by Proposition 6.1.1:
HereS 1 = R. LetS be the vector field induced by R on R ×Ñ as before. Put dev * S =S ′ . Let
be the Lorentz metric on R × N which is conformal to the standard metric g 0 . (Compare Section 7.1.) Note that g N (S ′ ,S ′ ) = 0 becauseS is lightlike. In this case, Causality (1) shows thatS ′ is the characteristic vector field, i.e. ω N (P * S ′ ) = 1. Moreover, Proposition 6.1.1 with Causality (2) implies that the lightlike vector fieldS ′ is of type (i) of (6.1.12). As σ N = 1 n + 2 dt (cf. Section 7.2), it follows that σ N (S ′ ) = 0.
As before, there exists a function u > 0 on R×N such that dev * g N = u · g. Noting that P * S ′ is characteristic, a calculation shows that
It is easy to see that u
n = 0 onÑ, which contradicts that ω N is a contact form onÑ . Therefore the case (ii) of Theorem 7.4.1 cannot occur. This proves the necessary condition.
Suppose that N is spherical CR. There exists a collection of charts {U α , ϕ α } α∈Λ such that ϕ α : U α →ϕ α (U α ) ⊂ S 2n+1 is a homeomorphism. Consider the pullback of the S 1 -bundle:
(7.4.12)
. Consider the local diffeomorphism:
for which (7.4.15)h(t, z) = (t, hz).
If we note that U(n+1, 1) acts invariantly on V 0 such that S 1 ×S 2n+1 ⊂ V 0 , then there exists an element f ∈ U(n + 1, 1) with P f = h which satisfies that (7.4.16) 
By Proposition 4.1.1, U(n + 1, 1) acts conformally on S 1 × S 2n+1 with respect to g 0 so it follows that
Sinceh is a local conformal diffeomorphism,h extends to a global conformal transformation of S 1 × S 2n+1 by the Liouville's theorem. By uniqueness,h = f on S 1 × S 2n+1 .
As a consequence, the local changeφ α •φ −1 β extends to an automorphismh ∈ U(n + 1, 1) of S 2n+1 × S 1 . Therefore the charts {U α × S 1 ,φ α } α∈Λ of N × S 1 gives a uniformization with respect to (U(n + 1, 1),
is the lift of (Û(n + 1, 1), S 2n+1,1 ), N × S 1 is a conformally flat Fefferman-Lorentz manifold.
8. Application to Obata & Ferrand's theorem 8.1. Noncompact conformal group actions. Let C be a closed noncompact subgroup of Diff(M). Suppose that C acts analytically on M. Contrary to compact group actions, noncompact (analytic) Lie group actions on a compact manifold is quite different. For example, there is a noncompact analytic action (C, M) such that the set of nonprincipal orbits M 0 = {x ∈ M | dim C · x < dim C} coincides with M. (See [28] , [2, 3.1 Theorem, p.79] for instance.) We give a sufficient condition that M 0 is nowhere dense in M for noncompact Lorentz groups C acting analytically on a Lorentz manifold (M, g). Let C = S 1 × R which is closed in Diff(M). If S 1 does not act as Lorentz isometries with respect to g, then we put
where ds is a right-invariant Haar measure on S 1 . Then S 1 acts as Lorentz isometries with respect tog. On the other hand, as S 1 acts conformally with respect g , h * g = λ h · g for some function λ h > 0 on
We obtain a Lorentz metricg conformal to g. So if C = S 1 × R acts conformally on (M, g), we may assume that S 1 acts as isometries within the conformal class of the Lorentz metric g. 
is a dense open subset of M.
Proof. We suppose that S 1 acts isometries. LetF (respectively F ) be the fixed point set of R (respectively S 1 ). Note that S 1 leavesF invariant. If E is the set of exceptional orbits of S 1 , then S 1 acts freely on the complement
There is a principal bundle over the orbit space
Suppose that dim C · x = 1 for some open subset U of M 0 (∀x ∈ U). If we set {ϕ t } t∈R = R, then it follows that
Let ξ x be the vector induced by C · x (x ∈ U). By the hypothesis, ξ is a lightlike (Killing) vector field on U. For an arbitrary point y ∈ U, as ϕ t y ∈ S 1 · y, there exists an element h y t ∈ S 1 such that (8.1.3) ϕ t y = h y t · y. This implies that P • ϕ t = P on M 0 . Put z = ϕ t y = h t y where we let h t = h y t for brevity. For a vector v y ∈ T y M 0 , we have that P * ϕ t * v y = P * v y = P * h t * v y . Since ϕ t * v y , h t * v y ∈ T z M 0 , it follows that ϕ t * v y = h t * v y + aξ z (∃ a ∈ R).
As ξ y is lightlike, we can find a vector η y ∈ T y M 0 such that g(η y , η y ) = 0, g(ξ y , η y ) = 1.
As above, there exists an element b ∈ R such that ϕ t * η y = h t * η y + bξ z .
Since g(ϕ t * η y , ϕ t * η y ) = λ t (y) · g(η y , η y ) = 0 and h t y = z, a calculation shows that 0 = g(h t * η y + bξ z , h t * η y + bξ z ) = 2bg(h t * η y , ξ z ) = 2bg(h t * η y , h t * ξ y ) = 2bg(η y , ξ y ) = 2b, (8.1.4) so it follows that ϕ t * η y = h t * η y .
Noting that {ξ y , η y } spans a nondegenerate plane of signature (1, 1), there exists a vector v y such that g(v y , v y ) = 1, g(ξ y , v y ) = g(η y , v y ) = 0. There are n-independent such vectors. The set of those vectors with {ξ y , η y } constitutes T y M 0 . As above, let ϕ t * v y = h t * v y + aξ z . Similarly, using ϕ t * η y = h t * η y , the equation g(ϕ t * η y , ϕ t * v y ) = 0 shows that a = 0, i.e. ϕ t * v y = h t * v y . From these calculations, we obtain that (8.1.5) ϕ t * X y = h t * X y , (∀ X y ∈ T y M 0 ). Now, noting h t ∈ S 1 , (8.1.6) ϕ * t g(X y , Y y ) = g(h t * X y , h t * Y y ) = g(X y , Y y ) (∀X y , Y y ∈ T y M 0 ). On the other hand, since R acts conformally, there exists a positive function λ t on M such that ϕ * t g = λ t · g for each t, (8.1.6) implies that λ t (y) = 1. This is true for an arbitrary point y ∈ U, so λ t = 1 on U. In particular, ϕ t (∀ t ∈ R) becomes a Lorentz isometry on U (and so is on M by analyticity).
Recall from (8.1.3) that ϕ t y = h t · y. Since R = {ϕ t } t∈R , there exists an element a ∈ R such that ϕ a y = y. (In fact, if a(y) = min t∈R + {t | ϕ t y = y}, we put a = a(y).) Then it follows that y = ϕ a y = h a y. As S 1 acts freely on M 0 , h a = 1. From (8.1.5), we have that (8.1.7)
ϕ a * X y = X y (∀ X y ∈ T y M 0 ).
Since ϕ a is a Lorentz isometry, if γ is any geodesic issuing from y, then ϕ a γ is also a geodesic on U. From (8.1.7), the uniqueness of geodesic implies that ϕ a γ = γ on U. Hence ϕ a = id on U. By analyticity, ϕ a = id on M. Letting Z = na n∈Z so that S 1 = R/Z, C would be isomorphic to S 1 × S 1 . This contradicts our hypothesis that C is noncompact. Hence the subset {x ∈ M | dim C · x = 2} is dense open in M.
Theorem 8.1.1. Let M = S 1 × N be a compact Fefferman-Lorentz manifold and C Conf(M,g) (S 1 ) the centralizer of S 1 in Conf(M, g). Suppose that C Conf(M,g) (S 1 ) contains a closed noncompact subgroup of dimension 1 at least. Then M is conformally equivalent to the two-fold cover S 1 × S 2n+1 of the standard Lorentz manifold S 2n+1,1 .
Proof. We can choose a closed subgroup C = S 1 ×R from C Conf(M,g) (S 1 ) by the hypothesis. Here recall that the vector field S generated by S is a Lorentz metric on a Fefferman-Lorentz manifold M = S 1 ×N where P : S 1 × N → N is the projection. Then C induces an action of R on the quotient N such that P is equivariant: (8.1.9) P : (C, M)→(R, N).
If {ϕ t } t∈R is a 1-parameter group of R of C, then there exists a 1-parameter group of {φ t } t∈R such that P • ϕ t =φ t • P.
Since R acts as conformal transformations with respect to g, there exists a function λ t : M→R + such that (8.1.10) ϕ * t g = λ t · g.
If h ∈ S 1 , since h * ϕ * t g = ϕ * t h * g = ϕ * t g and h * ϕ * t g = h * (λ t · g) = h * λ t · g, it follows that h * λ t = λ t (∀ h ∈ S 1 ). So λ t factors through a function λ t : N→R + (∀ t ∈ R). We note also that ϕ t * S = S and P * S = 0. Then ϕ * t g(X, S) = 1 n + 2 ω(P * ϕ * X) = 1 n + 2 P * φ * ω(X) = λ t · g(X, S) = 1 n + 2 P * λ t · P * ω(X).
(8. 1.11) it follows that (8.1.12)φ * t ω =λ t · ω (∀ t ∈ R).
This implies that (8.1.13)φ t * Ker ω = Ker ω.
Recall that there is a complex structure J on Ker ω. For convenience, we putJ on P * Ker ω formally such that P * : P * Ker ω→Ker ω is almost complex, i.e. P * •J = J • P * .
Let X, Y ∈ P * Ker ω. Calculate ϕ * t g(−X, Y ) = g(−ϕ t * X, ϕ t * Y ) = dω(JP * (−ϕ t * X), P * (ϕ t * Y )) by (8.1.8)
= dω(−Jφ t * P * X,φ t * P * Y ) = dω(φ t * P * X, Jφ t * P * Y ).
(8.1.14)
closed noncompact subgroup (in Diff(M)) by our hypothesis, this case cannot occur.
Then G = {1} and soρ(S 1 ) = R. It follows from (i) of Theorem 7.4.1 that M is a Seifert fiber space over a spherical CR orbifold M/S 1 . In our case, M/S 1 =M /S 1 = N which is simply connected. We obtain the following commutative diagram: (1) Thus M = S 1 × SL(2, R)/Γ is a conformally flat FeffermanLorentz 4-manifold on which S 1 acts as lightlike isometries by the definition.
(2) Recall that (PO(4, 2), S 3,1 ) is the conformally flat Lorentz geometry. Let (O(4, 2) , S 1 × S 3 ) be the two fold covering. The subgroup of O(4, 2) preserving S 1 × (S 3 − S 1 ) = S 1 × SL(2, R) is isomorphic to O(2) × O(2, 2). When we restrict Γ to {1} × SL(2, R), we obtain a conformally flat Lorentz parabolic manifold M = S 1 × SL(2, R)/Γ on which so C does not preserve the Fefferman-Lorentz parabolic structure.
